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Abstract

It hasbeen agued that concave modelsexhibit less “endogenety of
growth” thanmodelswith increasing retumsto scak. Herewe studya sim-
ple modelof factorsaving techhologcal improvemert in a concave frame-
work. Capitalcanbe usedeitherto reproduceitself, or, at someaddtional
cost,to prodwce a higher quality of captal, which requireslesslabor input.
If better quality cagtal canbe producedquickly, we geta modelof exoge-
nousbalancedgrowth asa specia caseof ours. If, however, beter qualty
capitd canbe prodwcedslowly, we geta modelof “endogenaus growth” in
which the growth rate of the ecoromy andthe rateof adogion of new tech-
nologes is detemined by prefaences, techrology and initial conditions.
Moreover, in the latter case the process of growth is neassaily uneven,
exhibiting a naturd cycle with altermating periods of high andslow growth.
Growth paths andtecmological innovations also exhibit depeniene upon
initial condtions. Themodelprovidesa steptowardatheoryof endogenais
innovation underconditions of perfectcompition.



1 Intr odudion

We contrituteto thedebateontheendogeneityf aggreyatetechnologicaprogress
by introdwcing a concae modelof innovationwith threeproperties.Technolog-
ical innovationsare: (a) factorsaving; (b) implementableonly in discretelumps;
(c) endogenougjependingn peoples decisions We find in suchcircumstances
thatgrowth canbe path-depender@ndunesenovertime.

In our model,technologicaprogressakesplacethroughthe adoptionof new
actiities that make useof new qualitiesof capital. Thereis a fixed factor and
moreadvancedactiities aresuperiorin the sensehatthey make lessuseof this
fixedfactor Thismeanghattechnologcal progresss “biased”or “f actorsaving.”
For concretenesaye referto the fixed factoraslabor In this settinginvesment
provokesboth capital widening meaningthe total stock of capitalgrows larger,
andcapital deepeningmeaningthatthe quality of the capitalstockis improved.
In fact,becausef thefixedlaborsupply capitaldeepenings necessarfor capital
widening.

Without moving to higherqualitiesof capitalthat uselesslabor per unit of
output thereis no reasonto build more capital. Introducingnew capitalgoods
is costly becausefor giveninputs the capitaldeepeningechnologyyields less
units of outputthanthe capitalwideningtechnology Henceregardlessof how
long the capitaldeepeningctivity hasbeenavailablke, it will be usedonly when
relative pricesmake it profitableto do so;thatis, whenthelaborsupply becomes
abindingconstraint.n this sensetechnologicaprogresss fully endogenous.

Our modelis oneof perfectcompetiton with constanteturnsto scale.A va-
riety of amumentshave beenadvancedasto why growth modelswith increasing
returnsare superiorto thosewith diminishingor constanteturns. From a theo-
retical standpointthe endogenousersusexogenos natureof economicgrowth
is the principal one. Romer[1994], for example,saysthat the fact that “tech-
nical advancecomesfrom thingsthat peopledo” andis not merely“a function
of elapsedcalendartime; arguesagainstconcae modelsof “exogenous’tech-
nological change. In this interpretation,endogeneityneansthat technologcal
innovationsshouldcomefrom “things peopledo”.

In our settingtechnicaladvanceclearly comesaboutbecausat is profitable
for innovatorsto introducenew technologesinto production.This shouldclarify
that growth can be as endogenousn a concae settingasit is whenthereare
externalities,increasingeturns,monopoy power andsoforth. To the bestof our
knowledge thisis thefirst time sucharesultis clearly proven.



Our equilibrium pathdistinguishesetweengrowth dueto the accumulation
of factors,andtheintroductionof new factorsandactvities,which we referto as
technologtal advance.To beconcretewe will proposehatthegrowth rateor the
rateof technologicahdwanceareendogenousd they areaffectedin a non-trivial
way by changesn the rate of intertemporakubstituton in consunption. Notice
thatin the Solov growth model, neitherthe growth rate nor the rate of techno-
logicaladvanceareendogenous thissenseln JonesandManuelli's[1990] and
Rebelos[1991] AK model,thegrowth rateis endogenousut therateof techno-
logical advanceis not. Onthe otherhand,in modelswith increasingeturnssuch
asthoseof Lucas[1988]or Romer[1990],notonly is thegrowth rateendogenous,
but sois therateof technologtal adwvance.

The endogeneityof growth in this modeldependson how rapidly it is posst
ble to producehigherquality capital. If capitalof higherquality canbe produced
quickly, we geta modelidenticalin essenceo the “exogenousgrowth” model
of Solav: A new quality of capitalis introducedevery period,andthe economy
grows at afixedrateindependentf the subjectve discountfactorandotherpref-
erenceor technologyparameters.If new quality capital canonly be produced
slowly, thesituaton changeslirastically Boththegrowth rateandtherateof tech-
nological advanceare fully endogenousind dependon the subjectve discount
factorandotherparametersf preferencs.

In this model,technicaladvancesclearly comefrom thingsthatpeopledo. In
fact,contraryto modelswhereexternalitiescarrythe day, technologcal improve-
mentsherecomefrom thingsthat peopleconsciouly chooseto do. They intro-
ducenew technologiesn thoseperiodswhenthey are neededo relax the labor
constraintandthey do not introducenew technologesin periodsin which such
needis absentNotethatwe do not attemptto modelthereasorthattechnologies
becomeavailable.We assumeéhattechnologiesreavailable or becomeavailable
for reasongxogenogto themodel. Ourtheoryof technologicaprogresss athe-
ory by whichthosetechnologiesreactuallyintroducednto use.A theoryof why
new technologesbecomeavailablein aconcae world is presentedh Boldrin and
Levine [2000].

As we mentionedat the outset the moststriking featuresof this modelis that
equilibria are pathdependenanddo not exhibit a constanigrowth rate. Growth
follows a naturalcycle in which gradualupward increasesn consumptio are
interruptedby periodic“growth recessionsin which consumgbn remainsflat.
Theseperiodsof “creative destruction arethosein which ashiftto anew techno-
logical paradignirst takesplace.Theexistenceof growth cyclescanbeextended
to modelswith mary goods,sectorsandfactorsof production aslong asnatu-
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ral resourcesre essentiain production andinnovation hasan impacton mary
sectors.While it canbe arguedthat mary innovationsare cumulatve in nature,
sothattheintroduction of a new technologyhasonly a slight effect on the econ-
omy, innumerablamportantinnovationssuchasthe useof personakcomputers,
the introducton of electricalpower, or the advent of new businessmethod, are
of generalpurposeandcanbe expectedto have a substanal impactacrossnary
sectors.n the presencef a sequencef such“large” innovations, the procesof
growth will be unevenwith spurtsof growth asthe new technologyis exploited,
andperiodsof relative stagnatiorwhile the new capitalgoodis accumulatedor
thenext growth “spurt’ Notethatduringgrowth recessiontheeconomyremains
atfull employment;unempbymentoccursonly in the caseof stagnatiorwhenthe
capitalstockbecomegoo smallto employ all existing labor.

In additionto endogenougrowth and a naturalgrowth cycle, our economy
exhibits pathdependenceneaningthatthe long run growth rate of the economy
candependn theinitial stockof capital.Indeed,a smallchangen initial capital
canmalke the differencebetweenlong-runinnovation and growth, andlong-run
stagnatioranddecline.In particular it is possiblefor theeconomyto grow in the
short-run,introdwcing new technologes andincreasingconsunption per capita,
yetin the long-runfall backinto stagnatio with decliningconsumptio, unem-
ployment and only the worst possibé technologyemplo/ed. Again, andto the
bestof our knowledge,we are not aware of any dynamicmodel exhibiting this
ratherfrequentlyobsered pattern.

2 The Model

We consideraninfinite horizoneconomyt = 0,1, 2,... with a continuumof ho-
mogeneousonsumersConsumersalueconsumgbn ¢; € .. Theperiod util-
ity functionu(c) is boundedbelow, continuousy differentiable strictly increas-
ing, andstrictly concae. It satisfieshe Inadaconditionslim¢_,ou’(c) = + and
limc, 1o U'(c) = 0. Total lifetime utility is givenby U (c) = 1> ,8'u(c;), where
0< 3 < listhecommonsubjectvediscountactor Letpu= sup{fi| 1> o3 u(fl) <
o} to bethesupremunof growth ratesfor which utility remaindinite. Noticethat
p>1/9.

Consumpton is producedby activities that uselabor and capitalasinputs.
In additian, capitalis producedrom capital,andlaborreproducestself. Capital
comesn aninfinite sequencef differentqualities,indexed by i =0, 1,... .



Write aninputvectorasz = (K, £) wherex is aninfinite vectorof capitalstocks
of differentqualities,and/ is a scalardenotinglabor. The periodinput spaceZ
consistof thesetof sequenceézs, 2, . .., z,,...) > 0 for which z, = 0 for all but
finitely mary n. Notethatthetechnologyandinitial condition aresuchthatin arny
particularperiodit is not possibé to have producedmnorethana finite numberof
differentqualitiesof capital, so thereis no loss of generalityin this restriction.
We let the symbad x; denotethe vectorconsising of oneunit of capitali andzero
unitsof all othercapitals.So,for example,(x2,0) is aninputvectorwith 1 unit of
quality 2 capitalandzerounits of everythingelse. The periodcommodiy space
isZx Uy,

Thesetof all possibleactiitiesa is denotedoy 4. An actvity a € 4 maybe
written asa vectorconsistiny of atriplet [z(a); z" (a);c(a)], wherez(a),z"(a) €
Z andc(a) € 0;. Herez(a) = [k(a),£(a)] representshe input requirementor
actiity a in periodt, z"(a) = [k (a),£" (a)] representshe outputof periodt +
1 inputs producedby actvity a, andc(a) representgonsunption producedby
activity a andavailable in periodt.

Our basicassumpon is that capitalof quality i canbe usedto producecon-
sumpton, capitalof the samequality or capitalof the next higherquality. We as-
sumethatlaboris aninput (andalsoanoutpu) in the productionof consumpbn,
but notin the productionof capital. While thisis justa simgifying assumptn, as
we discusdn the conclusionjt is consistentvith theideathatthereis little labor
mobility betweersectorsln ary case aswe discussn theconclusiongvenif we
wereto allow labormobility, the generahatureof our resultsdo notchange.

Specifically thereis a sequencef actvitiesfor producingconsumpton, one
for eachtype of capitali. For qualityi capital,the actiity is [xi,1/y;0,1/y;1],
y > 1. In otherwords,to producea unit of consumpbn requiresa unit of capital
(of any quality) anda numberof units of labor thatis smallerthe higheris the
quality of the capital. Theassumpon y > 1 embodieghe notionthattechnolog
ical progresss laborsaving. Notice thatlaborappearserebothasaninputand
asanoutput,sothatlaborthatis usedin productiontodayremainsavailablefor
productiontomorrow.

Two sequencesf actiitiescanproducecapital. They are|x;, 0; Bxi, 0;0], B >
1 and[xj, 0;pXi+1,0;0], p > 0. This meanghatthe currentquality of capitalmay
be usedeitherto producef unitsof the samequality of capital(capitalwidening
or p units of the next quality of capital (capital deepening).We setf3 > p, so
thatintroducingthe next quality of capitalgoodsinsteadof wideningthe current
oneis costly becauset requiresa sacrificeof currentconsumptn. We assume
thatp > min{B,y} somaximun utility over feasibleconsumpbn pathsis finite.

5



We also assumethat thereis free disposal,and an actiity that producesnext
periodlabor by meansof currentperiodlabor [0,1;0,1;0]. In conjunctionwith
theassumgpon thatlaboris anoutputof theactiity thatproducesonsumpgbn, it
guaranteethatlaborreproducedself in eachperiod,henceit is alwaysavailable
in aconstanamount Onecanmake laborsupplygrow atsomeraten < 3 — 1 by
modifying the outputvectorsof thesetwo actvitiesappropriately Resultswould
notchange.

Theendavmentzy = (K8)(o, 1) consiss of K8 unitsof quality O capitalandone
unit of labor.

2.1 Equilib rium

A\ € (xp2,07) is calleda production plan, ac € (x> ,0) is calleda con-
sumption plan. Togetherthey determinean (intertemporalgllocation.

Definition 1. Theallocation A, ¢ is a feasible allocation for theinitial condition
Lpifforallt>0

1> Z Mo(a)4(a)

acAa
Bxo> 3 Ao(@)k(a)
acAa
5 M@7' (@) > Y Mia(@2a)
acAa acAa

Definition 2. Theallocation A*, ¢* solves the social planner problem for initial
condition zg if it solves
n;ax U(c)
,C

subjectto feasibility of theallocation

Noticethatin afeasibleproductiorplani;(a) = Oif ausesasinputary quality
of capitalgreaterthant. Denoteby A; the setof viable activities which useas
inputqualiiesof capitalno greaterthant.

Let g denotethe price of quality i capitalattimet, let g{ denotethe price of
laborattimet, andlet p; denotethe price of consunption attimet. We denoteby
g: thevectorof all input pricesattimet, andlet g and p denote respectiely, the
infinite sequencef pricesof the two inputsand consumpton startingin period
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0. Pricesq, p anda feasibleallocationA, c are a competitive equilibrium if ¢
maximizesU (c) subjectto the budgetconstraint

Z)ptct < qdkg + db,
t=

andactvities satisfythe zero profit condition
Gh+1- [KT(@),£7(a)] + pre(a) — - [K(a),£(a)] < 0,Vae A, t=0,1,...
with equalityif A¢(a) > 0.

In theappendixwe prove therelevantversionof the FirstandSecond\Velfare
Theorems:

Theorem 1. Supposehat A*,c* is a feasibk allocaton for theinitial condition
Zp. ThenA*, c* solvesthe socialplannerproblemif andonly if we canfind prices
g, p sudthatq, p,A*, c* are a competitiveequilibrium.

Thefollowing existenceanduniquenessesultis alsoprovedin theappendix.

Theorem 2. For givenzy, a competitiveequilibrium exists,andthere is a unique
competitiveequilibrium consumptin planc*.

We cannow usethefirst orderconditionsto give arelatively simple character
izationof equilibriumconsump®n paths.First we begin by calculatingthe least
amountof initial capitalneededo producea given consumpgbn in a particular
period.Given aparticularvalueof ¢; obsenethateitherc; < 1 or, for somei > 0,
v 1< <y. Intheformer casedefinen(c) = 0, in the lattern(c;) =1i. In
this way n(c) indexes the highestquality of capitalneededo afford a percapita
consumgpbn level equalto c. Define

B e n(c)

-0
kK9(c) = n(c) . n(e)—1 y(e
D= e (B)" g (8)" e e >0

Thelatterexpressiorrepresentsthe amountof initial capitalrequiredto produce
¢t whenit is producedusingonly qualitiesn(ct) andn(c;) — 1 capital”. Usingthis
we definealsothe*initial capitalrequiremento producetheconsumgion planc”

nﬂwzi@my

t
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Next we definea correspondencthat captureshe first order conditions for
anoptimal path. Our basicstratay is to find an optimal pathfor a givenprice of
initial capitalqg, thenbackouttheinitial condition. Firstwe definethe constants

(o=1
&= B/p)t(By/p)—1/(y-1).

For q8 >0andt =0,1,..., we usetheseconstantso definethea correspondence
¢ € Gi(a,qg) fromc € [0,y1] into O,

u'(ct) = (B8) ™ a3n (e if o <y1(@, n(e) <t
(Bd) ' ddln(e) <U(q) < (BO) "any+1 if & =Y, n(a) <t
(B3) " 6ln(e) < V() it o= y1®),n(c) =t

This correspondenceonsistof horizontalandverticalline segmentsorming
thestepsof a “descending’stairasshovn in Figurel.

Cy

| | c
1 Y Y Y3t

Figurel - StairstepCorrespondence

Becausef its stairstemature the correspondencis upperhemi-continous,
convex valuedandnon-increasinglt is immediateto seethat, for given q8 and
t, it hasonly onefixed pointc} € (0,V]. Noticethatthelocationof the stairsteps
is alwaysaty,i = 0,1,.... The stairis alwaystruncatedat y' sinceno type of
capitalgreaterthani =t canbeused.For thisreasorast increasesheendof the
stairstepalwaysmovesto theright. Whetherthe verticesmaove up or down with
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t dependon Bd. Noticethatu'(-) is a decreasindunctionandfd is raisedto a
negative power of t. So, if d > 1 the stairsgethigher;if o < 1 the stairsget
lower. ThefigureshovsCy,C3 in thecasein which 30 > 1. We will exploit these
basicobsenationsbelow in analyzingequilibrium consumpbn paths.

The ideabehindthe C correspondences to considerthat ¢; determineghe
price of consump®n throughd!u'(c;). Giventhe price of consumpibn andthe
initial price of capital q8 we cancalculatein periodt how profitableit is to use
eachdifferentviable quality of capitalto produceconsumptn. Inspectionof the
profit conditiors shawv that they are concare asa function of the index i. This
meanghatat mosttwo actuities canyield zeroprofitswhenall othersyield non-
negative profits. We thenplug the pricesd'u/(c;), ¢ into the two activities that
earnzeroprofits. Obsenre that usingthesetwo (or one) actwities togetherwith
full employmentyieldsexactly ¢{ unitsof consumgbn. Consequentlythe corre-
spondencés definedby the conditian thattheamountof consunption giving rise
to the pricesshouldequaltheamountof consumptn generatedrom the produc-
tion technologywhenthe zeroprofit conditions are satisfied.In otherwords,the
key propertyof thecorrespondencg is thatits fixed points capturethefirst order
conditinsfor anoptimal path.In theappendixwe formally prove:

Theorem 3. For givenzy the feasibleconsumptn plan c* is an optimumif and
onlyif there existsa q8 sud that

k3 > kJ(c*) with equaliy unlessgd = 0

¢ € G(cf, )
Moreover, equilibriumpricesare givenby the following

G=p" (%)iQ&

we = Y1 [&u/(¢f) — B (B/p) ™)

Q‘%:tgwt.

Theequilibriumproductionplanis anyfeasibleplan that producesc; usingonly
quality n(cf) andn(c) — 1 quality capital, and hasfull employmentvhenaer

n(c) > 0.
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3 Solow, Growth Cyclesand Stagnatian

Herewe focusonthelong-runbehaior of theeconomyWe shav that,depending
on parametricconfigurationsandinitial conditions therearethreepossiblelong-
runoutcomes.

In thefirst, a new quality of capitalis introducedevery periodandthe econ-
omy grows at theratey, independentifrom preference andothertechnologeal
parametersWe referto this asthe Solow growth path. For the technologywhich
is beingconsiderechere,the Solov pathprovidesthe highestattainableevel of
consumgpbn in eachsingle period. At the oppositeextreme, only the poorest
guality of capitalis usedandthe capitalstockeitherdeclinesor remainghe same
forever. We referto this secondoutcomeasthe stagnation steadystate. While
possilbe in principle,boththe Solow growth pathandstagnatiorarevery unlikely
outcomegequiringextremeconfigurationsof the parametewvalues. Finally, the
economymay enteranirregulargrowth cycle, in which two differentqualitiesof
capitalareusedfor a periodof time, thenthelower quality capitalis droppedand
anew quality of capitalis introducedfor thefirst time,andsoon. Wereferto this
asthegrowth cycle Thisis themainfocusof ourinterest.

We first studythe Solow balancedyrowth path,whichis the easiesand next
thegrowth cycle, whichis themostinteresting.We concludewith the specialcase
of stagnatio.

3.1 The Solowv BalancedGrowth Path

Improving the quality of capitaldoesnot changeheamountof outputthatcanbe
producedrom thatcapital,but it doesreducethe laborrequiremenfor oneunit
of output. Sincethereis afixed supplyof labor, the economycangrow, but only
by continuallymoving to moreadvancedqualitiesof capitalthatmake it possibé
to produceincreasecamountsof outputfrom the existing stockof labor When
the innovation occurs,p units of new capitalare producedfor eachunit of old
capitalinvested generatinganadditionaldemandf p/y— 1 unitsof laborinput.
If p > vy thelatter quantityis posiive and,in eachperiod, it is possibé to shift
the entire stock of capitalfrom one quality to the next without causinglabor to
be unemplyed. If, at a certainpointin time, thereis enoughcapitalto employ
all availablelaborand,from thatperiodonward,a new quality of capitalis intro-
ducedeachperiod,the capitalstockcangrow fastenoughthatall laborremains
employed on capitalof the newestquality. In this casethe rate of technologeal
progresss independenof preferencesand,alsoindependenof preferences;on-
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sumpton grows atthefixedratey. Wereferto thisasthe Solov growth path,since
thisis thesameresultasin the Solowv growth modelwith exogenoudechnologeal
progress.

If p > yandtheinitial capitalstockis large enoughthenthe uniqueequilib-
rium is this Solow growth pathbeginning with consuminga unit in periodone.
Noticethatif this pathis feasibleit mustbe optimal sinceit is notpossibé by any
planto have higherconsumgion in any period.

RecallthatK8 is theinitial stockandlet k! denoteghe capitalstockof quality
i attimet. Along a Solow growth path,att only k! is positive. Supposdhatkg
is largeror equalto theleastcapitalstockneededor the Solow growth pathto be
feasible. Thenwe musthave k] = yk3. In additiona unit of capitalmustbe used
to produceconsumptnof 1 in period0, sok} = p (k§ — 1). Solving,wefind that
aninitial stockof capitalequal,atleast,to

P
Py

is neededo make the Solow pathfeasible.We summarizeby

K=

Theorem 4. If p >y andk§ > p/(p —Y), the uniqueequilibrium is a balanced
growth pathin which a new technolagy is introducedevery period, consumption
in periodt is y, capitalalsogrowsat theratey andthere is full employmenin all
periods.

Next welook atthebehaior of prices factorsharesandobsenable TFPalong
the Solow path. Notice first that alonga Solov pathn; =t all t. Further for
c* = {V}{2, theinitially requiredcapitalstockis kg(c*) = 5%. Hencewe can
take q8 =0if K8 > p—fy. In fact,in this Solow case we maytake theinitial price
of capitalgd = 0, alsofor k3 = ﬁ sinceutility doesnotincreasewith increases
in the capital stock. This implies alsothat the pricesof all qualities of capital
in all periodsis zero. Normalizing the maginal utility of incomey = 1, the
consumpbn pricesare

po=3U(Y).
Wagesare
we =Y pr
andtherealwageWw; = w/p; = V', sorealwagesgrow exponenially overtime.

Noticethat,independenyl from our normalizationof theinitial price of capi-
tal, outputgrows ata constantindexogenous ratey andfactorsharesareconstant
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atthelevel determinedn thefirst period. Thecapital/laboratiois alsogrowing at
theconstantatey. Similarly for “effective” or, aswe call it here,enhancedabor
with theproductvity of physicallaborgrowing attheexogenousatey. Henceour
goldenageis obsenationally equivdent to the traditional Solow growth model,
with a Cobb-Douglagproductionfunctionandexogenoudechnologtal progress.

3.2 The Growth Cycle

Whencircumstancearenot solucky, thatis wheneithery < p or theinitial stock
of capital K8 < p/(p—Yy) is too low to make the Solov pathimmediatey ac-
cessiblethelong run behaior of bothconsumpton andthe introducton of new
technologeswill generallydependiponpreferencesandin particularonthe sub-
jective discountfactord. Therearetwo casesgdependingon whetherd > 1, or
OB < 1. If therewasno laborconstraintndno endogenousinovation,thiswould
correspondo thecasean whichtheequilibriumexhibits sustainedyronth through
capitalaccumulationor stagnationwith consunption evenually boundecor de-
creasing.As we shallsee this remainsthe casewith alabor constraint.We take
thecaseof agrowing economythatis o3 > 1, first.

3.2.1 The GeneralCase

We begin by establishig thatdp > 1 doescorrespondo sustaied growth in per
capitaconsumptbn andin the quality of capital. First we obsere thatconsump
tion is non-decreasing:

Lemma 1. Suppose¢hatdB > 1. Thency, ; > ¢

Proof. Thecorrespondence is a stairstepwith vertices
(¥, [W] " ((83) "dB(B/0) ~(BY/P)— 1/ (y-1))-

Increasing®p increaseshe heightof thevertex for eachy'. In addition,the upper
boundon the domainof the correspondence/, grows larger with t aswell. It
follows thatthefixed pointc{ mustbenon-decreasingm

An immedateimplicationis thatthe technologiesisedto produceconsump
tion mustbeimproving over time for, with full employment consumpton would
otherwisehaveto decreaselt is alsothe casehatasymptottally thereis noupper
boundonthe quality of capitalusedto produceconsumgion.
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Lemma 2. Supposthatdf} > 1. Thenthereis noupperboundonthe qualitesof
capital usedto produceconsumption

Proof. Obsene thatfor fixedi ast — oo,

(B3~ a3(B/p)L[(By/p) — 1]
(y=1)

Hence for ary giveni, for large enought thefixed pointof C mustlie to theright
of y, meaningthata betterquality capitalthani is usedto produceconsumpibn
(seeFigurel). m

For &3 > 1 the generalpictureis thereforethis. Ast grows larger, the cor-
respondenc€ moves up andto theright. Obsene thatC hasonly horizontal
andvertical sggments If the correspondencmovesupwardssufficiently slowly
(which, for given utility function, is morelikely the closerdp is to 1) thenthe
fixed pointwill generallylie on the samehorizontalsegmentfor several consec-
utive periods. This length of time will determinethe rate at which new tech-
nologiesareintroducedandthe speedof capitalwidening. The exactmechanics
canbe appreciatedy noticing thatthe systembehaesdifferently on horizontal
andvertical sgments On horizontalsegmens, two typesof capitalare usedto
produceconsunption, oneof them(the highestin quality) is beingaccumulated
while the otheris beingphasedut. During theseperiodsconsumptio grows at
aratedeterminedy the speeddf accumulatiorof the highestquality capital,and
the correspondenc€ shifts upwards. We refer to this asa boom. On vertical
segmens, only onetype of capitalis usedto produceconsumpton, while a new
quality of capitalis beingintroducedby meansof the p technology Becaisethe
stockof capitalusedto produceconsumpgbn is not increasingconsumptio re-
mainsconstantasthecorrespondenc€ shiftsupwardswith time. Wereferto this
periodasagrowth recessionin otherwordstheeconomyexhibitsanendogenous
cyclein technologicalnnovationand,therefore jn the growth rateof Total Factor
Productvity.

Onestriking factis thatduring a growth recessior{which correspondso pe-
riods of technologicalnnovation)therealwageincreasesogethemwith theshare
of laborin nationalincome.Specifically duringa recessiongonsumgion is con-
stant,so its presentvalue price declinesby a factord. On the otherhand,the
present/alueprice of eachquality of capitaldeclinesat1/B < 8, andin particular
the real price of capitalfalls. Sinceonly one actwvity is usedto producecon-
sumpton, zeroprofits for this activity impliesthe realwagemustincrease.This
changan relative pricesmakeseconomicsenseDuring arecessiontherealprice

— 0.
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of “higher” quality capitaldeclinesandtherealwageincreasesuntil it becomes
profitableto introducethe next higherquality of capitalin the productionof con-
sumpton to save onlabor. In this sensetechnologicaprogresss “biased”in this
modelasit takesplaceto consere a particularfactorwhenits relative price is
high enoughto make theinnovation profitable.

One point to emphasizas the endogeneityof technologicalprogressan this
type of equilibrium Although the fact that the bestquality of capital that can
be usedto produceconsumpton in periodt is exogenouslygiven, it is not this
exogenousconstraintthat determineswvhich technologyis actually usedin that
period. Ratherthe quality of capitali usedto produceconsumptia in periodt
is generallylower thanthe bestexogenoust available,thatis i < t. The exact
guality of capitalusedin eachperiodis determinedy pricesanda profit andloss
calculation.Technologesarewillingly introducedwhenit becomegrofitableto
do sofor rationaleconomicagents.

3.3 The ContinuousTime Limit

We cangeta moreaccuratepicture of the cycle by studyng a specialcase. We
continueto assumedp > 1 andsuppos thatthe effective amountof time A be-
tweenperiodsis small. Sothatthe cycle doesnot dependntime, assumehat, at
leastfor consumpbn exceedinga minimum amount,preferencehave the CES
form

u(cr) = —(1/6)[c] .

This assumptia, togetherwith thefactthatnew technologesimprove geometri-
cally givesrisewhenA is smallto acycle lengththatis essentiall independentf
time. Letustake = e ™, B = ", sothatthe assumptin 3 > 1 corresponds
to b > r. We alsoassumehatinnovationsarediscrete sothatthe extentto which
machinei saveson laborrelative to machinei — 1 is independenbf thetime be-
tweenperiods. Hencey > 1 independenyl of A. We alsohave p = pe2. Since
innovationsarecostly, we assumehatb > d andthatp < 1. As we areinterested
onlyin smallvaluesof A, we mayalsoassumehatp = pe’? < yfor Ain therange
consideredhere.We alsodenotecalendatime by T = tA.
Supposetsomeparticulartime thatc; =y 1. Then

u'(ch) = (Bd) " ad(B/p)'t(By/p) — 1]/ (v—1).

This corresponddo the beginning of a horizontalsegmentor a boom. In our
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specialcase we maywrite thisas

b\ oban 1) Y
c = (e(b—r)A> *T/Aqo el : ) Ye(~ —A_p _
0 P ply—1)

As T increasesso doesc; until eventuallyc{ = y', atwhich point the recession
occurs. We cancalculatea goodapproximaton to this lengthof time by taking
thecontinuoudime limit whenA — 0

i = [er-oregapy LR

In otherwords, during the growth period consumpbn is simply growing at the
rate(b—r)/(6+1). Thelength of theboomty is determinedby the amountof
time requiredfor consumpbn to grow by afactorof y, or

0+1
tb:mlny.

Therecessionpntheotherhand,lastsfromt tot -+ 1, /A where
(B®) " ag(B/p) " [(By/P) — 1]/ (v—1) =
= (B3)" W c3(B/p)' [(Bv/P) — 1/ (Y= 1).

The continuots time approximation gives

] ~1/(6+1)

alb—d)A
p

Takingthelimit for A — 0 andsolvingfor 1,

r—b)t,

el

Inp
Tr — _m

Considemext thelengtht. = 1, + T, of thewholecycle. Thisis
1 y1+6
ooy [

whichis increasingn y, 8 andr anddecreasingn b andp. Theshorterthecycle,
the morequickly new technologiesareintroduced,sowe find thatthe frequeny
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of innovationsresponchegaively to thequality of theinnovation y, the preference
parameteB, andthe subjectve degreeof impatiencer. The mostinterestingof
theseis the quality of the innovationy. Higherquality innovationsin this model
leadto lessinnovation, because¢hey make it possibé to grow for alongerperiod
of time without hitting the labor constraint.On the otherhand,we find thatthere
is moreinnovation if the costof producingcapital,asmeasuredy theinverseof
eitherb or p, goesdown.
Therelative lengthof thetwo phasesboomsandrecessionss

Iny
: (1+9) N5’
Interestinglyenough neitherthe productvity of the capitalwideningtechnol-
ogy, nor the degreeof impatienceaffect the relative length of boomsandreces-
sions.Economiesvherepeopleexhibit low willingnessto substiuteconsumpbn
overtime (highvaluesof 8) havelonger(but “lessrampant”)boomsfor agivenre-
cessioriength.As we notedabove,improvedquality of innovation(highy) makes
it possibleto grow for alongerperiodof time without hitting the laborconstraint.
Thisincreaseshelengthof booms but not of recessionsFinally, alarge costof
innovationis boundto increaseherelatve amountof time spentin recession.
Theaveragegrowth rateof consumpbn over anentirecycle is thevalueof g

solving
1 y1+e
v=eofo 5o (%) |
whichis
_ b—r
9= 158—mnp/iny

Hence,economiesvherepeoplearemorewilli ng to subsitute consumpton over
time grow fasteron average asdo economiesbleto implementmoresubstantial
innovations.

We alreadynotedabove that the real wagegrows during recession.In fact,
we have someha arguedthatour growth recessionarebroughtaboutby thein-
creasdn the realwagerelative to the price of new capital. To save on expensve
laborby introdwing therelatve cheapenen machinesfesourcesnusttemporas
ily be shiftedto the labor saving innovaton, which reducesthe growth rate of
consumpbn. As we have constructecur modelin sucha way thatthereis al-
waysfull employment,thisimpliesacountergclical movementin thelaborshare
of nationalincome. Over the entirecycle, productvity of laborgrows of afactor

16



y, the samefor the realwage. As consumptia is constantduring recessionsits
price relative to both old andnew capitalmustbe increasingthen. Overall, the
priceof amachineof qualityi decreasesvertime relative to thatof consumpbn
andtherateof decreasés uniformacrosgqualities.

3.4 Stagnation

Finally we turnto the casein which 3@ < 1. In theabsencef alaborconstraint,
this would imply that the economyremainsstagnanteitherwith constantcon-
sumptonif 3 = 1, or decliningconsumpwnif o < 1. With thelaborconstraint,
if p>yandk8 > p/(p—y) we have alreadyindicatedthatthe equilibriumis the
Solawv pathof exogenoussustainedyrowth regardlesof whetherdf3 < 1. In this
case,introducing a labor constraintand the possibiity of factor saving techno-
logical progresschanges stagnaneconomyin which consumgbn never grows
into an expandingeconomyin which consumpbn grows forever, andnew tech-
nologiesareintroducedevery period. Whenlaborsaving innovationsarefeasible,
the addition of a labor constraintcan be seenasthe incentve toward adopting
technologtal innovatonsthatleadto higherconsumptio.

Onthe otherhand,the next theoremshaws thatif eitherthe Solow pathdoes
not exist because < vy, or thereis insufficient initial capital,thenthe pictureis
indeedoneof a stagnaneconomyin thelong run. Thereis anupperlimit onthe
highestquality of capitalever producedandultimately consumpbn eitherstops
growing (0p = 1) or declineg(dp < 1).

Theorem 5. Supposeeitherp <y or k3 < p/(p—Y). If 8 < 1 there existsa
technolagy | sud thatno quality of capital greaterthanl is ever produced,and
aperiodT sudthatforallt > T

o IfOB=1,¢ =ct
o IfOP<l g, <<l

e Onlytheworstquality capital is usedto produce consumptn.

Proof. Undertheconditionsgiven it foIIowsthatq8 > 0. Asi — o, thelnada
conditian for ¢ — o implies
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[T ((3B) "' ad(B/)' [(By/P) — 1]/ (y— 1))
< U] (a3B/p) H(By/p)— 1]/ (y—1)) — 0.

It follows thatthereis sometechnologyl for which, for all t,

(W71 ((3B) ag(B/p) t(By/P) — 1]/ (y—1)) < V.

Consequentlyno technologyi > | is usedto produceconsumpton. It follows
that the optimal consumpbn plan doesnot ever produceary capital of quality
i>1.

For &3 = 1thecorrespondendg doesnoteitherincreaser decreasdt simply
shiftsto the right; oncet > | it follows thatthereis a uniqueandtime indepen-
dentfixed pointof C. For 8 < 1, ast — c we have [u']71((8B)'q3) — 0, so
eventually the fixed point of C mustlie belav 1. Since[u]~1 ((3B)q)) is also
strictly decreasingsois ¢; . Sincethefixedpointof C is goingto zero,it mustbe
thateventualy it falls below 1, with theimplicationthatonly the worst possibé
technologyis usedto produceconsunption. m

Thistheoremalsodemonstrateanotheimportantpossiblity in thiseconomy:
pathdependenceThatis, supposehatdp < 1 andp > y. Thenif initial capital
exceedghelevel k§ > p/(p—Y) neededor the Solow path,thelongrunis oneof
technologtal innovationandsustainedyrowth. Onthe otherhand,if initial capi-
tal falls a bit shortof thethresholdsothatk < p/(p —Yy) in thelong-runonly the
lowestpossiblequality capitalis used,thereis unemplyment,andconsumpgbn
continualy falls. In particular if we wereto comparegwo economiesvith differ-
entinitial capitalendavments oneabove andonebelowv thethresholdwe would
discover thatthey do not*“converge” to the samdong-rungrowth path.

Finally, we pointouta furtherinterestingporopertyof oureconomy:consump
tion and growth pathsthat, dependinguponinitial conditiors, may be strictly
non-monadone. More precisely even WhenK8 < p/(p—Yy) theeconomymayin-
novate andgrow for someperiodof time, beforefalling backinto stagnationFor
economie®f thiskind, relatively rich atthebeginningbut highly impatientor not
very efficient at reproducingalreadyexisting capital, consumptio will grow at
aratey > 1 for awhile andthendeclineforever. As the declineis governedby
the stairstepcorrespondence thedeclineis unevenuntil only theworstpossibé
guality of capitalis employed at which time (in the CES case)consumpgbn de-
clinesgeometrically It is asif the airplanegetsoff the runway, thenfalls back
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to the ground. Figure 2 illustratesthreedifferentcasesassociatedvith different
initial stocksof capitalandp > y. Theblackmonotame upwardslopingcurve de-
scribesthe consumpton pathassociatedo the Solov case. The combinationof
thefirst portionof the Solov consumgion pathwith eitheroneof the dovnward
sloping curvesrepresentifferentcasesof transientgrowth followed by decline
andeventual stagnation.Obvioudy, in boththe latter casegheinitial capitalhas
to be lower thanp/(p —y) becausewhenp >y, if initial capitalis sufficiently
hightheeconomyreacheshe Solow growth pathandremainghere.

Ct

igh
initra——
capital

initial
capital

Figure2 - StagnatiorConsumptn Paths

4 Conclusion

We have examineda modelin which an essentiainput cannotbe increasedat
the samespeedas otherinputs. Hence,growth in per capitaconsumpgbn can
take placeif andonly if factorsaving innovationsare possible. An innovation,
new machinejs factorsaving whenit reducegheinputrequiremenbf somefac-
tor perunit of output. Machineswhich, for givenoutputlevels needlessinputs
than othermachinesmustbe more expensve. Hence,factorsaving innovations
necessariljinducea non-trivial trade-of betweencapital widening and capital
deepening Capitalwideningis lesscostly, but eventuallyhits a factorconstraint
(laborin our example)forcing growth throughcapitaldeepening Consequently
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therateat which new technologesareintroducedoecome£ndogenousjepend-
ing amongotherthingson the rate of intertempoal subsitution in consumpgbn,

onthetechnologyandon theeconomysinitial conditions As in othermodelsof

endogenougrowth, therate of growth of consumptn is alsoendogenoug the

samesense.

At leastsinceHicks (1932)seminalwritings, economist$ave beendebating
aboutfactor saving innovationsthat are “biased”. The latter term indicatesthat
technologtal progressaugmentsproductvity for somefactor(s)more thanfor
othersandit doessobecaus®f relative priceincentives. We have built ageneral
equilibrium model capturingthis intuition and looked at its implications. Our
mainfindingis that,in thesecircumstancedechnologcal adoptionis likely to be
endogenouand,indeed affectedby relative pricesandinitial conditions. Further
we have provedthatwhentechnologicaprogresss factorsaving it mustcomein
cyclesunlessvery specialcircumstancesccut

We have chosento modelthefactorconstraintasbinding in the consumpgbn
sectoronly, andto concentraten the caseof just onefixedfactor However, the
basicmessageemainsthe sameregardlessof suchsimplifying restrictions.Ob-
viously, whenthe scarcefactorcangrow at a rate n, the whole analysiscanbe
replicatedfor B > 1+ n. Whenmorethanonescarcefactorexists, factorsaving
innovationscan take place along differentdirections. While this may compli
catethe modelandits equilibrium dynamics,providing an interestingtopic of
future extensons,the basicmessag@boutthe oscillatorynatureof factorsaving
technologtal innovation would only be strengthenedFinally, the basicmessage
doesnot dependuponthe sectorin which the constraintbinds, or whetherlabor
is perfectlymobie betweerthe two sectors.Indeed,we worked out preliminary
versionsof the caseof perfectlabor mobility betweenthe two sectorswithout
qualitatvely differentresults. Notice, incidentally thatour exampk doesnot re-
guirethattherebenolaborusedn theproductia of capital justthatthereis labor
immobility betweerthetwo sectorsandthatthelaborconstrainbindsfirstin the
consumgpbn sector This particularexampk is a useful startingpoint because
of its simgicity andthe starkresultsit delivers. In addition we do not think the
assumpbn of perfectlabor mobility betweenthe two sectorss especiallymore
plausibke thancompletemmodhility betweerthetwo sectors.

20



Appendx

Lemma A. A consumpbin plan c, with ¢; > 0 for all t, maximizedJ (c) subject
to thebudget constaint if andonlyif for some > 0

p = Yd'u (&)

- 0,0 V4

PtCt = goKo + dp
2,

Proof. Thisis standard.m

Theorem 1. Supposehat A*,c* is a feasibk allocaton for theinitial condition
Zp. ThenA*,c* solvesthe socialplannerproblemif andonly if we canfind prices
g, psudthatq, p,A*, c* are a competitiveequilibrium.

Proof. Thata competitve equilibrium solves the socialplannerproblemis a
standardirst welfaretheoremproof. To prove the secondwe needto shav that
we canfind pricesthatsupporta solutian to the socialplannerproblem.

SupposedhatA, c* is a solution to the plannerproblemfor the initial condi-
tion zp. Let Z* be the correspondingnputs. Let zy,1 denotea vector of labor
and capital of qualityi < T+1. LetVT+(zr,1) denotethe maximumutility,
discouned att = 0, of beginning with the endavmentzr, 1 in periodT + 1 and
continuig forward. Let UT(c) = 3 ,8'u(c). Obsere thatA*, ¢* solvesthe
problemsof maximizingU T (c) +V T*+1(zr, 1) subjectto socialfeasibility. Thisis
afinite dimensimal problem. By standardinite dimensonal agumentswe can
find finite dimensonal price vectorsg', p' sothatthe zeroprofit conditims are
satisfiedfor viable actvitiesupto T + 1. By the samestandardagumentsthe
vectorcy,t =0,..., T andthescalarz;  ; areoptimalfor the consumeunderthe
budgetconstrainty o pf ¢+ 1 zr1 =05 K3+ 5.

Now we may normalizepricessothatp, = &'U'(¢}). Let Q" denotethe setof
all (non-ngaive) infinite dimensioml price sequence$or which the projection
on Dl X Dix (T+1) s asupporing price vectorfor thefinite dimensionaproblem
above. Obsere thatQ" D QT+! andthattheseareclosedspaceslt follows that
Q = NT7,.Q" is closed althoughpossiblyempty

Next obsere thatdy/, , is a supegradientof V'*(z,1) atz, ;. Noticethat
al,, is boundedbelow by zeroandabove by somefinite two dimensbnal vector
asq .z, +V'"(0) < V'*(Z, ) andthe latter is finite. It follows that the
intersectiom is nonempy.
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Let q bein Q. By constructiong and p (which is uniquelydefinedfrom the
first ordercondition) satisfyzeroprofits. Fromthe consumebudgetconstrainin
the truncatedproblems we have 3 o picf + ar12% ., = g§k3 -+ gf. Sinceg,
is agradientof V™ (z 1) atz, ;, we have gry1z ; +VTH(0) <VTH(Z ).
Also VT+1(0) = 8" u(0)/(1-3) andVT (7, ;) = Sor,,3u(c). Since
Sioodu(cy) < oo it followsthatlimr_,e VT (-, ;) — 0, and soqr41Z;,; — 0,
whichgivesy o pict = qk3+ g5 m

Theorem 2. For givenzy, a competitiveequilibrium exists,and there is unique
competitiveequilibrium consumptn planc*

Proof. SinceU (c) is boundedabore on thefeasiblesetof feasibleconsump
tion paths,it is continuais in the producttopolagy. Sincethis setis compactin
the producttopology, anoptimum exists; it is uniquesinceU is strictly concae.
|

Definea simpleplan to be a pair of sequencesf integers(v,n) = (vVo,No,V1,
Ni,--.) wherev; € {1,2}, vo=1;t > n; > 0, andn; > O if v; = 2. A production
plan(A, k) is consistentith the simple plan (v, n) if

1. exactly v; differentqualitiesof capitalareemployedin periodt to produce
consumgion

2. whenv; = 1 the quality of capitalemployedto produceconsumgbn is ny,
and

3. whenv; = 2 thetwo qualitiesof capitalusedto produceconsumpbn are
Nt, Nt — 1.

We saythata productionplan exhibits full employmenif thereis unemplgyment
only in periodswhereno quality of capitalotherthanO is usedto producecon-
sumpton. We saythata simple plan (v,n) anda consumptn streamc arecon-
sistentif thereis a full employmentproductia plan (A, k) consistentwith the
simple planthatyieldsthe outputc. If vi = 1 andn; = 0 then(A, k) usesexactly
K" = ¢ < 1 unitsof quality O capital. If v = 1 andn; > 0 thenit uses«{" = y
units of quality n; capitalfor full employment,soc; = y". If v = 2 thenwe it
usesexactlyk{ unitsof qualityn; capitalandexactly k' ~* unitsof qualityn; — 1
capital, wheretheseare the unique solution of k{" /yt + Kt”tfl/y”t*1 =1, and
ki + k" = ¢,. For conveniencewe now replicatethe definitionsfrom thetext.
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For ary given valueof ¢; obserethateitherc; < 1 orfor somei >0,y 1< ¢ <V.
In theformercasedefinen(c) = 0, in thelattern(c;) =i. Let

K8(Ct)={ ~ n(e) o (ct)BtCt_ n(e)—1 o) N{@)=0
B(B) T4 (B) T S (@ >0
and

Q0= 3 k8(e)
Set "

(o=1 |
Zi=(B/p)M(By/p) -1/ (v-1).
Definethe correspondence € C[(ct,qg) by

u'(c) = (B8) " d3n(c) if ¢ <Y, n(c) <t
Bd)~" 40n(c) S U () < (Bd) ™ Wn@+1 ifa=y"%, n(e) <t
(B8) ™" 03Cn () < () if ¢ =y1®, n(a)=t

Thiscorrespondends upperhemi-continuas,convex valuedandnon-increasing.
Theorem 3. For givenzy thefeasibleconsumptn plan c* is an optimumif and
onlyif there existsa q8 sud that
k3 > kJ(c*) with equalityunlessgd = 0,
and
* * 0

Ct € Ct(C[ 7q0)

Moreover, equilibrium pricesare givenby

G=B" (E) oo,

w =y [8U' () — B(B/p) )]

Theequilibriumproductionplanis any feasibleplan that producesc; usingonly
quality n(c¢f) andn(cf) — 1 quality capital, and hasfull employmentvheneer

n(c) > 0.

and
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Proof. For given zy suppos the feasibleconsumgion planc* is anoptimum.
We first claim thatthereis aninitial price of capitalq8, anon-ng@dive sequence
of wagesw = (Wp, Wy, ...) anda simple plan (v,n) consistentvith ¢* suchthat
thefollowing conditionshold

1)8u'(ch) — B '(B/p)™ag —we/y" =0;

2) if ve = 2thend'U'(¢f) — B~ (B/p)" a9 —w /Y"1 = 0;

3)if vy = 1andn; < t thend'v'(¢f) — B~4(B/p) " 1gd — w /Yyt +1 < 0;

4)if vi = Landn; > 0 thend'u/(¢f) — B~ (B/p)"1gd —w /Y11 < 0;

5)w; = 0if thereis unemplymentatt.

First obsere thatif capitalof quality i > 0 is usedto produceconsumgpbn
for periodt andthereis unemplyment, strictly greaterconsumgion in that pe-
riod canbe hadby replacingquality i capitalin periodt with quality 0. Thefull
emplogymentconditian is consequentlyecessaryor anoptimum alongary path
thatusescapitalof quality otherthani = O.

We now apply the zero profit conditians for competitie equilibrium. Let g
denotethe price of quality i capitalin periodt, andlet gf denotethe price of
labor. Beginningwith oneunit of quality O capitalin period0, i quality upgrades
producingp unitsof capitaleachandt — i periodsproducingP unitsof capitalare
requiredto getfrom quality O attime O to quality i attimet, for all possblei <t.
The orderin which the p and 3 phasesome,doesnot matter It follows then,
from the zeroprofit condition appliedto the capitalproducingactiities only, that

if i <tthen _
S :=B“<E> d%.

~ pp P
Fromthefactthatlaborcanalwaysreproducetself, we have

0 > 0y

with equalityif thereis unemplymentin periodt. Sowe may definethe wage
rate

W, = 0f — Gy > 0.

We maythenwrite theprofitsfrom theactwvity thatattimet producesonsumpbn
ci+1 from qualityi capitalas

m =3'U(c) — B '(B/p)'ad —w /Y.

Recallthatin equilibriumprofitsmustbe non-positve. Obsene thatthis function
is strictly concae asa functionof i for fixed valuesof ¢, q8,wt. It follows that
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if this is non-posdiive for all i <t it is zerofor at mosttwo actwities,in which
caseis strictly negaive for all otheractwities,or if it is zerofor oneactvity, it
is sufficient thatit be non-posdiive for the next highestand next lowestonesto
benon-positve for all activities. Sosincein equilibrium p; = &'u/(c!) conditions
1)-5) areindeednecessary

Next we obsenre thatc{ C[(cg‘,qg) if andonly if (1)-(4) hold. In casec; <
V(@) full employmentrequiresthatc; be producedusingqualitiesy? (@) y1(@)-1
of capltal Thenv; = 2 and (1) and (2) musthold. Solving yields u'(¢f) =
(B8) " 03¢n(c) and

t(B/p)n (B/ p)NE—1 gf

LT -1y
whichis non-n@aive sincef3/p > 1 andl/y< 1.
Turningto ¢; = Y%, we have (1), (3) and(4)

(¢ ) (B/p) g8 —w /Y& =0
3u(c) — BB/ ) — w V1D < 0
() — Bt (B/p)@ o—Wt/\/n 1<o

We cansolve the first equatiorfor w;. Substituthg into the secondnequaliy,
we seethatit is satisfiedf any only if u’(c*) < (B3) qun(ct)' andthefirstif and
only if (B3)~" qun(ct)—l < U(c*). It is easyto checkthatthesetwo inequalities
alsoimply thatw; > 0.

Finally obsene thatKO > KO( c*) with equalltyunlessqO = 0 sinceotherwise
it would be possibé to producec* with lessthantheinitial capitalstock.

This provesthatthe conditiors of the Theoremare necessaryor an equilib-
rium. To show thatthey arealsosufficient, obsere thatthe Inadaconditionsim-
ply thatu'(-) mapg0, ) ontoitself, hencefor everyqJ > 0, thereis akd for which
q8 is the equilibrium price of capital. Let c* be the correspondingptimal con-
sumpton. This satisfieshe necessargonditon ¢ € G(c,q3) andk$ = k3(c*).
Sincec; € Gi(c,q3) hasa uniquesolution it follows that theseconditions are
sufiicientaswell. m
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